We demonstrate that the molecular Berry phase and the corresponding nonanalyticity in the electronic Born-Oppenheimer wave function is, in general, not a true topological feature of the exact solution of the full electron-nuclear Schrödinger equation. For a numerically exactly solvable model we show that a nonanalyticity, and the associated geometric phase, only appear in the limit of infinite nuclear mass, while a perfectly smooth behavior is found for any finite nuclear mass. DOI: 10.1103/PhysRevLett.113.263004 PACS numbers: 31.15.-p, 03.65.Vf, 31.50.Gh Geometric phases are ubiquitous in physics and chemistry, and some of the most fascinating phenomena in condensed matter science such as topological insulators [1, 2] , ferroelectrics [3, 4] , the Aharonov-Bohm effect [5] , as well as conical intersections in molecules [6] [7] [8] [9] [10] are closely associated with Berry phases. Geometric phases may arise when the Hamiltonian of a system depends on a set of parameters R. In Berry's original definition [11] , this parameter set is allowed to change adiabatically, i.e., very slowly in time along a given path C ¼ fRðt 0 Þjt 0 ∈ ½t 0 ; tg, such that the solution of the time-dependent Schrödinger equation, i ∂ ∂t Φ n ðr; tÞ ¼Ĥ BO (r; RðtÞ)Φ n ðr; tÞ;
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The notation hÁ Á Ái r indicates integration over r-space only. All quantities in this Letter are in atomic units (a.u.), and a bold value with underline represents a multidimensional vector, i.e., X ≡ fX ν jν ¼ 1; Á Á Ág. When C becomes a closed loop L this line integral,
may give a nonvanishing value if the loop encloses a conical intersection (CI). The value of γ BO n ðLÞ does not depend on the shape of L as long as the loop encloses the CI. While the concept displayed in Eqs. (1)-(6) is completely general, i.e., may refer to any Hamiltonian that depends on a set of parameters R, the specific case the notation in Eqs. (1)- (6) refers to is the molecular Berry phase appearing in the Born-Oppenheimer (BO) approximation. The latter is fundamental to all modern condensed matter theory. It derives from the fact that, in most cases, the nuclei move extremely slowly compared to the electrons. Hence, as a first step, it is reasonable to neglect the nuclear kinetic energy operator in the complete molecular Hamiltonian leading to the so-called BO Hamiltonian, with the generalized BO potential energy surfacẽ
Here, M ν is the mass of the νth nucleus. After the seminal work of Mead and Truhlar [12] , a lot of attention has been devoted to the molecular Berry phase associated with the vector potential, Eq. (4) [13, 14] . An essential aspect of the molecular geometric phase is that it always appears in the presence of some kind of nonanalyticity in the R-dependence of ϵ (3) is the result of an approximation, the BO approximation. In the full molecular Hamiltonian, R is a dynamical variable. The objective of this Letter is to investigate whether this very specific topological feature, this nonanalyticity in the R-dependence of the wave function, only occurs within the BO approximation or whether it may survive as a feature of the full molecular wave function Ψ mol ðr; RÞ, i.e., as a true feature of nature. To investigate this question, we employ the recently derived framework of exact factorization of Ψ mol ðr; RÞ [15] [16] [17] [18] [19] . This formulation lends itself as a natural framework because it leads to a Berry-type vector potential but without invoking the BO approximation.
Within this formulation, Ψ 
whereÛ en is an electron-nucleus coupling operator given bŷ
ϵ ex N ðRÞ is defined as
and
Because ϵ ex N ðRÞ and A ex N ðRÞ yield the exact manybody nuclear density, jχ N ðRÞj 2 ¼ R drjΨ N mol ðr; RÞj 2 , and the exact many-body nuclear current density, (11) and (8), respectively] with a vector potential [Eqs. (14) and (4), respectively] and a scalar potential [Eqs. (13) and (9), respectively] that formally follow the same expression. In particular, the vector potential is defined as a Berry connection in both cases. The only difference is that in the adiabatic approximation the Berry connection A This is the question we are going to address in the following by studying a two-dimensional model system which, in the BO approximation, has CIs leading to a Berry phase, and which, at the same time, is simple enough to allow for a numerically exact solution.
The system is a 2D generalization of a model proposes by Shin and Metiu [20] . It consists of three ions and an electron. Two of the ions are fixed at ðAEL=2; 0Þ, and the third ion as well as the electron are allowed to move in twodimensional space. Representing the positions of the moving ion and the electron as R ¼ ðX; YÞ and r ¼ ðx; yÞ, respectively, the full Hamiltonian iŝ
where the first two terms are the kinetic energy operators for the moving ion and the electron, respectively, and the electron-nucleus interaction potential,
, and the nucleus-nucleus interaction potential,
, are represented as soft Coulomb potentials while the last term is added to make the system bound. Here, the origin is set as the center of the two fixed ions. We choose parameters a, b, R 0 , and L as 0. In Fig. 1 , we present the first and second excited BO surfaces, ϵ Fig. 1(b) . The discontinuities of Φðr; RÞ appearing in R-space can then be seen as abrupt changes in the direction of the vectors. We find that a discontinuous phase change occurs across the lines L 1;2 for Φ BO 1;2 , respectively, where L 1 ¼ fðX; YÞjX ¼ 0; jYj > Y eq g and L 2 ¼ fðX; YÞjX ¼ 0; jYj < Y eq g (see red vectors in the lower panels of Fig. 1 ). Along these lines the sign of the p-orbital-like electronic wave functions, Φ BO 1;2 , changes discontinuously. Hence, the real-valued electronic wave functions are not single valued.
In the exact decomposition framework, there is one potential energy surface for each exact eigenstate, Ψ N mol ðr; RÞ, of the full Hamiltonian,Ĥðr; RÞ. Here, we aim at investigating the behavior of the exact potential energy surfaces in the region at and around those points where the BO surfaces show CIs. To this end, we first calculate the eigenstates of the complete system up to a certain energy, well above the CIs involving the first and second excited BO potential energy surfaces. From the computed Ψ 
Equation (16), together with the definition of the vector potentials [Eqs. (4) and (14)], implies that the vector potential transforms as
The exact equations of motion (10), (11) as well as the BO equations of motion (3), (8) (16) we can make the electronic wave function single valued and at the same time complex. To this end we choose SðRÞ ¼ −θðRÞ=2, where θðRÞ ¼ atan2ðX; Y − Y eq Þ is the angle indicated in Fig. 1(c) . We then numerically calculate the geometric phase γ BO n ðLÞ from Eq. (6) using the closed path L ¼ fRjR ¼ R þ eq þ Rðsin θ; cos θÞ; 0 ≤ θ ≤ 2πg that circles around the CI at R þ eq with the radius R ¼ 0.2 a:u: The numerical integration yields γ BO 1 ðLÞ ¼ 3.14106 in good agreement with π. In the exact case, the electronic wave functions Φ N ðr; RÞ are real and single valued. Hence, the vector potential (14) vanishes in the first place, and the exact Berry phase is zero.
In the following we investigate how Φ A ðr; RÞ, jχ A ðRÞj 2 and ϵ ex A ðRÞ evolve as M increases (M ¼ 1, 10, 20, and 50) to reach the adiabatic limit (M → ∞) which is accompanied by a Berry phase. In Fig. 3, we 
with increasing nuclear mass. For M ¼ 1, a set of vectors representing the vector field shows a mainstream simply from left to right. As M increases, however, the mainstream begins to show parabolic behavior, and the curvature of the parabola increases gradually. Compared to Φ BO 1 in Fig. 1 , we can interpret the discontinuity along L 1 as coming from the infinite-curvature limit due to the limit M → ∞. In Fig. 4 , we also show jχ A j 2 and jϵ Since the actual nuclear mass in the real world is finite, there is no discontinuity of the electronic wave function implying that the exact geometric phase is zero.
To summarize, we have investigated whether the specific nonanalyticity in Φ BO n ðr; RÞ that leads to a nontrivial geometric phase in the BO approximation is a true topological feature of the full electron-nuclear wave function. To shed light on this question, we have studied a numerically exactly solvable model system in two dimensions that exhibits nontrivial Berry phases in the BO limit. Employing the exact factorization of the full molecular wave function [15] [16] [17] [18] [19] we identify and calculate the exact electronic wave functions Φ N ðr; RÞ which, in the limit of infinite nuclear mass M, reduce to the BO electronic wave functions Φ BO n ðr; RÞ. We find that the exact electronic wave functions Φ N ðr; RÞ are real valued and perfectly smooth for any finite value of the nuclear mass. Consequently, the geometric phase associated with the vector potential A RÞdr vanishes. Only in the limit M → ∞ (the BO limit) a discontinuous phase change appears which leads to a nontrivial Berry phase. In this sense, the molecular Berry phase can be viewed as an artifact of the BO approximation.
We emphasize that this conclusion can be drawn only for the specific example studied here. There exist other cases [23] [24] [25] [26] where the full problem (without invoking the adiabatic approximation) exhibits a nontrivial geometric phase. Hence, the central result of this Letter is to have demonstrated that there exist cases where a nontrivial Berry phase present in BO approximation does not have a topological counterpart in the exact electron-nuclear problem. Currently it is not known whether these cases are the majority or the exception. In [18] it was shown that the exact Berry connection (14) is closely related to the nuclear velocity field. A nonvanishing current density, both for electrons and nuclei, is encountered when the exact molecular wave function Ψ N mol ðr; RÞ is a complex-valued symmetry-adapted eigenfunction, e.g., of the total angular momentum operator. If the resulting velocity field has a nonvanishing curl, the vector potential (14) cannot be gauged away and hence, a nontrivial Berry phase may occur (similar to Ref. [24] ). For our analysis above it is essential that the exact electronic wave function Φ N ðr; RÞ can be chosen to be real (and single valued) for all finite value of the nuclear mass M. Since, in practice, we normally cannot solve the full electron-nuclear problem, it will be extremely important to find simple mathematical criteria by which one can know (without doing the full calculation) if a nonvanishing BO-Berry phase survives in the exact electron-nuclear treatment. This interesting-but difficult-question will be the subject of future research. 
